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ABSTRACT: This work presents a methodology for reconstruction of constants by parts functions. The paper
focus in one application of this methodology for identify the phases of the stratified multi-phase flow (oil-water-
gas) in a duct. The principle physics is based in attenuation of X rays and Gamma rays. Each element of the
composed have a specific cross-section contributing with the loss of the X rays intensity. In this study, a parallel
beam for the cases of two dimension is investigated to enforce the ideas. Then, in three dimensions, each ray
generates one algebraic equation. The experiment shows that with a single view it is possible obtain information
of a stratified flow and reconstruct it only if there is enough number of rays transversing the medium.
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1. INTRODUCTION

Many industrial and medical applications involves the reconstruction of functions from a small number
of views given by many function projections related with its Radon, fan beam and cone beam associated with
the X or Gamma ray propagation. These functions in the reconstruction process that represents the radiation
attenuation coefficients estimation are frequently associated with characteristic sub-domains inside the whole
function domain. These homogeneous parts may results from the manufacture process, or from some natural
stratification or segregation of components inside the body. By collecting a-priori information about the support
and the value of these characteristics parts, the number of constant parameters needed to resolves the uniqueness
problem of reconstruction may be reduced. In the case of parallel two dimensional X ray beam, where the
projection may gives us this additional information, the procedure consists in inspect its discontinuities and back
projection it accordingly. The support of the possibles parts are located inside the convex polygonal domains
that result from these lines intersection. The same method may be applied for divergent beam in two or three
dimensions. In this case we need to know the source position in order to back project the rays. Note that in three
dimensions, the projections discontinuity determination problem is substituted by the projections images contour
determination. The kind of software appropriated to implement shape from shadow X ray based support
determination are based on decomposed solid geometry.

The second part of this constant by part reconstruction method is based on ray tracing. By determining
the length of the intersection of a ray starting at the source and ending in the detector, we may weight the
contribution of each characteristic part of the function to the detector intensity measurement. Each ray generates
one algebraic equation that will compose the system with the unknown attenuation coefficients. The system may
be solved with algorithms based on least square method and related regularizations procedures to infer the
appropriated intensities in the support of each part of the function.

The technique of X ray attenuation is often used in the petroleum industry because of its robustness and
noninvasive nature, and can perform these measurements without changing the operational conditions. The two
views are arranged at an of 90 degrees to each other, the intention is to measure the attenuation of the beam that
is influenced by changes in the composition of the flow. The information flows in the oil-water-gas system are
usually obtained by subject interpretation from visual observations which may lead to misinterpretations.
Therefore, a noninvasive system that identifies the flow regime without subjective evaluation is very important.

X and Gamma rays differ only by the nature of the source, the first is produced by interaction of accelerated
electrons with a target, and the second by radioactive decay of instable isotopes such as Cesium 137 or
Americium 241. The mathematics related with the interaction of these rays with the matter are the same and
through this paper they will be treated as X rays. There is an enormous literature associated with the application
of the methodology here developed for cross section reconstruction. Mathematical aspects of the problem are
well developed and some related works that we consider important are referenced in [1; 2; 4; 5; 7; 9]. The
characterization of the path of a one velocity particle in a constant by part medium can be found in [8]. In [10]
we can find a study on phase volume-fraction measurement in oil-water-gas flow using fast neutrons. The
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development of an X ray computed tomography system with sparse sources and domain partition can be found
in [11]. The cited work [12; 13] solves this flow regime identification with the MCNP-X Monte Carlo code for
experimental data syntheses and artificial neural network training. An interesting study for data processing in an
experimental high-speed gamma ray experiment can be found in [14; 15] and application to the density
distribution measurement in an experimental riser for cracking catalysis has been done by [16].

Since we are supposing to know only a small amount of projections, such as only one or two views, we
must give more information about the support of the function. The first possibility is derive it from the analysis
of the projections. Projections are X ray shadows of the cross section whose characteristic parts of the constant
by parts function represents the extinction coefficient of the material. These contours can be identified by
analyzing the correspondents contours inside the radiographies. In the case of one dimensional projection of the
two dimensional object section, contours are discontinuities. For two dimensional projection of a three
dimensional object they manifest in the radiography as curves. “Fig.” 1 and 2 exemplifies the two dimensional
situation. The source of the parallel beam rays used to form the projection must be consider at the co. We may
note that the back projection of the derivative location will determines variables sized strips in which the values
of the function are changing. Two or more views will make possible the determination of the convex envelop of
the constants parts elements of the functions. If in addition we has some a-priori information that is independent
of the projections, such as that the function represents an stratified medium as in the main application of this

work, it will be easier the function support characterization.
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Figure 1: A Constant by parts object to be projected Figure 2: Projection and its derivative

1.1 The X ray attenuation model
Along a ray, the radiation can be absorbed by various known processes, depending on its nature, energy
and also on the characteristics of the medium through which it propagates. There are situations in which the
scattering process gives an important contribution to detectors measurements. In this case the appropriated
modeling of the radiation propagation is done through the radiative transport equation. Since we are supposing

ray collimation, we will neglected the scattering process and consider only the extinction process.
In this special case, the problem simplifies considerably, and the attenuation of the ray along its trajectory is
exponential, and we may identify the X ray transform with the logarithm of the ray attenuation

Jar 0§ + t0)dt = —logiE 2% = b(£,0) 1)

Where (§,0) € myX R%! are, respectively, the trace of the X ray in a plane containing the R%origin with
normal along its direction. I,(E, &, 8) is the initial source beam intensity for an specific photon with energy E
that decreases along the ray trajectory to I(E, &, 8) in the detector position. The “Fig. 3”presents a algorithm —
logarithm typical energy variation of the extinction cross section for important materials utilized in the oil-gas
industry [3]. When d = 2, the X ray transform is equivalent to the Radon transform used in the Tomography. In
general, we may have the parallel ray or divergent ray geometry. In our model, we are consider only a small
number of views, and collecting each ray as an algebraic equation to form a system to be solved in order to
reconstruction the constant by parts function representing the unknown material.
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Figure 3: log-Log extinction cross section energy dependency
1.2 Mathematical aspects of divergent X ray cone beam transform

By the X ray transform for the function o we mean

P[0](§,0) = [g 0(§ +tO)dt )
where £ € R?. The divergent cone beam transform is a mapping related with equation (2) that is defined by

P, [01(0) = [} o (&4 + t0)dt ©)
where &, is the beam source position.

Theorem 1.1 Let Q a bounded ball in R?. The divergent cone beam operator

P L2(Q) - L2(S'H) (4)
Is continuous. Here ||§d|| > diam (£2) is supposed greater than the diameter of Q.

Proof: First we integrate

1P A1@ =1 [ o6+ ) atl <2 [ lo, + 0P
0 0

,on 541 to obtain
1PEy 01112 -1y < 2000l = D2llo I o
Remark 1.1 There are one important particular situations in which the system of divergent cone beams forms a
compact operator. It is when number of X rays are finite and the formed system becomes a operator with finite
dimensional range [4].
We are interest in the determination of the cross section function _ in a small number of views
problem. For particular situations in with this function has compact support we have the following theorem:

Theorem 1.2 Let Q c R%bounded and open. Let S  S4=1 open and consider A, a continuously differentiable
curve parametrized by A € R!. If:

e (i) For each 0 S~ there exist an £,( 1) € A, such that the half-line &, (1) +t 6, t > 0 misses {1;

o (ii)yoeCly();

e (i) P [0](6)=0foré, € Aand6 €S

Then o = 0 for all measured region M = {x = &, + t6 € R¢ lg, € Ng, 6 € S}
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Remark 1.2 This uniqueness result tell us that three dimensional reconstruction is possible if the X ray sources
Nq runs on a circle around the object. In fact, as we will see latter, a stratified multiphase flow inside a duct can
be reconstructed with only one lateral set of data defined on a circle in a plane perpendicular to the direction of
stratification. This is consequence from the fact that this small set of data can be replicated to form a full set that
satisfies the conditions in this theorem.

Proof of Theorem 1.2 Since o has compact support, we have that the moments of the cross sections function
are zero in the measure region, the function itself is zero, that is,

Jy tho(€, +t0)dt =0, & ENOES, n=0= 0=0 (5)
Let us define for x = p6 € R"

PE,lo](x) = [t (&g + tx) dt = p"* [“t"o(y + to)]dt (6)
And proof that under the conditions of the theorem

Pg‘d[a](x)=0,n20,xEM. 7

The proof will be conducted by induction. For n = 0, it is a consequence of (iii). Let us supposed that equation
(6) is satisfied for some n = 0. The

P [0](x) =0,n>0,x € M.

Let &, (4) be a parametric representation for A,. Since

G+t _ N da 00

" g 1 1 A ox, le () +ex

i=

We obtain

n d n
dPg ) [o](x) _\ OP i [o](x) o
da an T ox

L

sources A\;. By condition (i), for each 8, there is a source for which the X ray in direction 8 misses the support
of o, and consequently, Pgl;a)["] (6) = 0 and the induction is complete.

1.3 The Tuy’s inversion formula for cone beam reconstruction
A real integrable function with three dimensional support contained in a compact set £ can be
reconstructed with a inversion formula deduced by Tuy [6] if a complete set of data when the vertex of the cone
beam describes a curve A, that satisfies the following conditions:
o (i) The curve is outside of the region £2;
o (i) the curve is bounded, continuous and almost every where differentiable;
o (iii) for all (x,0) € QX S, there exist a source in the position ¢, (1) € Ay, such that (x, 8) = (¢,;(1),0)
and (', (4),6) # 0, that is, for any direction 6, the plane orthogonal to 6 passing through a point
X € Q must cut the curve at a point §; € A, for which (', (1), 6) # 0.

These are the Tuy’s conditions for the cone beam reconstruction. Let @ = |a|. 8 an auxiliary variable and
consider the Fourier transform of the homogeneous X ray transform %P[a] with respect to this variable

G(§A) = fya = Plol (§4 (1), 0)expit-2in(a, §))dar ®
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Theorem 1.3 (Tuy) Supposed that the real integrable compact support function o: Q c R3 - R satisfies the
Tuy’s conditions. Then, for all x € Q.

2y cosifip)  0G(0.0)
o(x) = [, f—Tn—w,dm_g) 2 dpde ©

The proof is a straightforward application of the Fourier transform to the derivative of (8) with respect to the
curve parameter A and can be found in (6). The main difficulty with its application is when, as we are supposing
in this work, we want reconstruct the function using only a limited number of cone beam views.

1.4 The constant by part functions: X ray cone beam transform
Let us consider a compact support domain Q < R¢; d=2,3 partitioned into disjoint open elements Q, ;
n=1,...,N in such way that:

e Q=U,Q,;
e QNQ,=06nm=1,..,N,
e 0Q,;n=1,.,N are continuous by parts.

By the characteristics simples function associated with the element Q,, we mean the following function:
1if xeQ,
= d
n

For n=1,...,N. By a constant by parts function associated with this domain partition 2 we mean
o(x) = oy 0 (%) (11)
Let x = (xq, ..., x;)eR? and @ = (cos(H,), ..., cos(8,))eS?~1 a parametric representation of a direction in R?.
Let , be a plane (or straight line) containing the origin inR¢ with normal 0. Let
Mg =Q N{E+1t0,—0<t<ow}#0 (12)

an straight line perpendicular to 4 at the point & € 1, describing the X ray path inside Q. Let o (x) the constant
by parts function defined by Eq.(11) representing the medium extinction cross section. Then for each point &
€ myand for each direction 6 e R¢~:

e Thereexisty;(§,6),0<i<I(,0), withyy(&0) <y1(&0) <-,¥c0 < <oo such that the
radiation path inside the this medium is given by the finite of intervals Uffl’e){yi(g‘,e) <s<

Vi+1(0)}

e And the X ray transform integral will be given by a finite sum

Plo1(€,6) = ¥_1 6, 2147 657 (r:(5,0) — vi_1 (5, 6)) (13)

Where
s _ (L QuNimep #0 14)
ni 0if Q, Nmzp=0

In fact, the interception of the ray with the internal boundary of the domain partition associated with the
constant by part function has a finite number of traces, that is, for every ¢ e my, we have define m; o =
Q N{& + th,—o < t < oo} and this set consit of a finite number of open intervals, i. e, there exist y;,,0 < i < I,
withyy <y; < -, <y, varying with (£,6), such that ey = Uj_1{& +t0,y,_; <t <y,}.

Obviously, the function that gives the extinction coefficients along the ray will also be constant by parts as
exemplifies in “Fig. 4”.
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Figure 4: Typical trace of the constant by parts function along a ray

1.5 Algorithm for x ray traces determination
In order to implement the three dimensional stratified multiphase flow model inside a duct, let us
consider the following stratified function in direction x3

o(x) = xR;L(x) XN_3 0, xn (x3) + 01 (XR., L(x) — xR;, L(x)) (15)

where oy is the extinction coefficient of the duct material, g,,, n =1, ..., N is the same properties for the layer n
material inside the duct

¥R, L(x) = {}) if \/xf + x§ <R;and — L <x; < l+L (16)
else
where s = e, i are respectively the external and internal radius of the duct.
1 n—1 n
Xn(x3) = {1 if x3 Sx3=x3 € Qp an
0 else

The coordinates system origin’s has been choose to be the point (0; 0; 0), as usual. The stratified layer
thickness is calculated as [, = x5 — x?‘l = 2R;/N. By considering the X ray source position x; =
(xd,x%,x3)  and detector position x; = (xJ,x3,x3) interpolation by the straight line

x(t) = txg + (1 — )x, = tx + (1 — O)xl, tx? + (1 — )xZ, tx3 + (1 —t)x3,t € [0,1] € R! (18)

Note that the X ray parameters (¢, 6) are determined by the line x(t) linking the source detector pair. The t; that
gives the respective traces in the layers are calculated with the solution of the following problem: To find
t € R that satisfies simultaneously the system

(i) (tx3 + (1 —t)x3)NI2R, € Z (19)
() (e, + (A=) + (&3 + 1 — x3)” < R? (20)
(i) —L<tx}+(1—0x2<+L 1)

gives by conditions (i), (ii) and (iii). The algorithm based on the solution of this system can be implemented in
the following sequence of procedure:
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Algorithm 1.1
1. For a pair source in position x, = (x!,x2,x3) and detector in position x, = (x},x2,x3) , 8 =
(61,6,,03) is
9 = (xé—xsl,xé—xszl xg—xg) (22)

/z?zl(xé—x;')z

And ¢ = (& &, &3) is solution of the equations

§16, + 8,0, +830; =0 (23)
and
Goxd _ foxd 6 (24)

ZRL-Z_ 3

it [ [
N

2. Forz=-NtoN,calculate t, = —5—
E

3. Forz=-NtoN, IF (t,x} + (1 —t,)x1)2+ (t,x3 + (1 — t,)x3)2 > R?, discard this value t, from the
set of layers boundaries
4. Solve the following quadratic equations for t
(txh + (1= 0)x1)? + (ex3 + (1 — t)x3)? = R?
(txh + (1= 0)x1)? + (ex3 + (1 — t)x3)? = R?
In order to determine the X ray trace in the internal and external duct cylindrical surface,

o

If for some no discarded ¢, , llt,x5 + (1 — t,)x2|| > L, discard this pair source detector,

Also, for a pair source detector, if ; , coincides with an interface of the layer stratification, them
discard this pair.

7. The incident matrix 55{9) is determined by sorting the non discarded t,, then, n = z and | is the

resulting index i(z, &, 8) that comes from the sorting process.
8. The trace is calculated as the distance between the interface and the source

o

PEO) =[50 —x(@) 25)
Figure 5 shows a representation of the a fictitious extinction cross section used in the computation of the
incident matrix and the trace. This cross sections hasN = 24 stratified layers and its fictitious value is equal the
parameter

Figure 5. Weight determination
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Figure 7. Optical thickness parallel beam with one view 9keV
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Figure 8. Derivative of optical thickness 9keV

1. MODEL GEOMETRY

We consider as an application two beams of X ray to the identification of a multiphase flow with oil,
water and gas inside a metallic duct.

Due to the difference in the densities of the mixtures components, the three fluid mixture flow stratifies
induced by gravity , which gives an important a-priori information about the constant by part cross section that
will be reconstructed. We have used this information to model a linear system used with the reconstruction
algorithm whose weight matrix parameters are determined with the algorithm 1.1.
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2.1 Synthetic data generation

Numerical data has been produced with the simulated direct problem in two situations. In the first we
consider only one view and collect the data in a direction parallel to the level of the flow stratification. These
optical thickness are shown in “"Fig. 7" for energy of 9keV and “"Fig. 9™ for one energy of 180keV. Based on
the experimental three dimensional divergent beam whose geometry is showed in Fig.11, we computed the set
of data with photon energy 180 KeV showed in Fig. 12 for the first source position 1.

These data are used to test our methodology for identification of the interface between the three phases
of fluid inside the duct. We proceed the synthetization of the data by calculating the integral in equation (2)
with a prescribed three phase constant by parts distribution of extinction cross section.

The position of source detector pair are respectively, {(xs(’ ),xéd))}; j=1,2} = {((0,0,64),(-16*8 : 8 :
16*8, -16*8 : 8 : 16*8 ,-64)) ; ((64,0,0), (-64, -16*8 : 8 : 16*8, -16*8 : 8 : 16*8))} for the case of 2 * 429 rays
crossing the duct, and {(x¥x(")}; j=1,2} = {((0,0,64), (-8*8 : 4 : 8*8,-8*8 : 4 : 8*8, -64)) ; ((64,0,0), (-64, -
8*8:4:8*8, -8*8: 4 : 8*8))} for the case of 2* 825 rays crossing the duct, which corresponds to two sets with
two groups of divergent beams data with source rotated by /2. The duct axis in the direction x,, as shown
schematically in Fig.(11). The external and internal pipe radius are respectively, 36 and 24 and the x; level of
water and air are -10 and 10, respectively. The oil layer is situated between these two level.

For each source the set of detector positions distributed in a plane tangent the cylinder with radius 64
and axis equal x, collects the values of X ray integral along these pairs of directions. These kind of data are
known in the literature as the optical thickness between the source and the detector and a typical distribution of
the data synthesized in this work is shown in Fig. 12. The related experiments investigated will be named, the
lateral and top experiments for the 429 and 825 rays per view cases.

air ail
0.05 20
1
: r :
a0 100 180 200 0 250 a0 100 150 200 250
water without duct
20 20
10 10
u} u}
a0 100 1500 2000 250 a0 100 150 200 250
iran composite
00 a00
u} u}
a0 100 150 200 250 50 100 150 200 250

Figure 9. Parallel beam on view 180keV

w107 air oil

5 20
0 h |
20
50 100 150 200 280 50 100 150 200 250
water without duct
20 1]
0 h—1 t}
=20 =20
50 100 150 200 250 0 100 200 300
iron composite
100 100
D—P\Y—J\{— DJ‘r—’J\\‘»
-100 -100
0 100 200 300 1] 100 200 300

Figure 10. Derivative parallel beam optical thickness 180keV.
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Figure 11. Divergent beam experiment set
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Figure 12. Optical thickness for the source position 1 — 180keV

1. ALGEBRAIC PROBLEM FORMULATION
For a radiation energy E fixed, let us consider the following problem: Giving some set of data {b(¢, 6),
& and 6 associated with a set of rays} to find the constant by part function ¢ solution to the system formed with
the respective associated X ray optical thickness Eq.(1). By using the a-priori information about the support of
the function that represents the cross section to be reconstructed, our problem becomes the following linear
algebraic system problem.

Problem 3.1 (Algebraic Linear System)
For a set of rays associated with (¢, 8), given: {b(§, 0)}, Sz 0y aNd ;¢ ), i=1,...,1(§, 0), to find g, such
that:

VT8 0u8nie0) Wiy — Vi) = BE0) (26)
V. LINEAR SYSTEM INVERSION
Let us give a matrix representation to the problem by defining
Al ) = Z;Sig) Onicc.0)Vie0) ~ Yie.)-1) (27)

And write the problem as.
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Problem 4.1 (Algebraic Linear System) Fixed the photon energy E, for a set of rays associated with (¢, 8),
given b(¢, 8), to find a,, such that:

Y1 Ar(lg,e) g, = b(,0) (28)

The physical system modeled by Eq.(1) when a discrete number of X rays attenuations are measured
constitutes an inverse problem with [4] whose theory has been extensively studied and constitutes an main
chapter in the inverse problem subject. The system given by Eq.(28), in which the consequences of the
stratification in the model has been introduced, can have repeated lines and can be singular if not enough lines
cross the domain of the function to be reconstructed or if they cross in an inappropriate angle of incidence.

The remotion of repeated lines of this system can be easily done but has been noted to have no influence the
solution. Fig. 13 and Fig. 14 shows the singular values of the weight matrix to be used in the reconstruction for
the problem with 2 * 429 rays with top and lateral views. Note that this problem presents singular behavior and
has an ill-determined rank that does not change if we removes the repeated lines. Fig. 15 and Fig. 16 shows the
singular values of the weight matrix for problems with 825 rays in one lateral view. Note that the non singular
behavior of the lateral weight matrix in contrast with the high singular behavior of the top view matrix. Fig.
17,for another hand, shows that the singular values of the weight matrix for lateral view when the number of
rays crossing the duct are not enough for reconstruction with only one view, even if it is a lateral one.

The singularity presents in the problem is associated with the compacticity of the X ray operator has been
removed by the adoption of the constant by parts representation to cross sections, and the singular behavior that
remains is due to data incompleteness. Techniques based on singular values truncation may be adopted when the
system is not so big, which is the case of the present work.

4.1 The regularization problem

Through the inverse of a linear system can be constructed by using the Moore-Penrose pseudo inverse,
for which non existence and non uniqueness are removed by least squares projection of the data in the operator
range and factorization of indeterminate solutions due to non trivial operator null, respectively, when the
operator presents compactness, such as the observed in the present 3D X ray transform based system, the
operator range is not closed and the problem presents instability in the presence of numerical or experimental
noise. The most common techniques that are adopted to solve these kind of problem are the singular value
decomposition method, also known as spectral cutoff, the Tikhonov regularization method, which is a kind of
optimization penalized by the noise level and the Landweber iterative method associated with some discrepancy
based stopping rule. All these methodology are fundamentally based on the idea that the unstably problem must
be substituted by an problem that will give an stable but approximated solution to the original problem. The
error is committed with noise level that the original problem presents and the higher the noise level the worst the
approximation will expected to be. The relation between the original and the approximated problem is
controlled by a small parameter &, which acquires different meaning, depending on the regularization method
that we are using, but that is always related with the noise to signal ratio associated with the data been used.
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Figure 13. weight marix singular values decomposition
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Figure 17. weight marix singular values decomposition for 1top view with 429vrays

4.2 The singular value decomposition method
The singular value decomposition method is a standard linear algebra procedure to find the
decomposition of matrix A = VDUTin system (28). The matrices V and U are orthonormal and forms a basis
for, respectively, the domain and the range of the matrix (operator) A, that is, they are square matrices with size
equal the number of lines (m) and columns (n) of A, respectively. On other hand, the matrix D is a diagonal n X
m matrix whose entries are the singular values of matrix A. The main idea in the SVD regularization method is

constructed the regularized pseudo inverse:

xt=alb (29)
Where
AL =uDfvT (30)

and Dg is an diagonal n X matrix with inverse entries of the diagonal m X n matrix D truncated by the rule
u? < €(8). When the squared singular value u? becomes less than the parameter e which is of the same order
of the noise level &, this value is not invert and is ruled as zero in the inverse. Fig. 18 and Fig.19 shows
multiphase flow interface and cross sections values for the case with one lateral view and 825 X rays for noise
levels 1% and 5%, respectively. In this case in which the angle and the number of rays are adequetely, no cutoff
is necessary and the reconstruction is straightforward. In order to consider a case in which the regularization will
be necessary, let us consider the problem with two views from top and lateral, but with insufficient numbers of
rays. It is not difficult to see from the svd plot shown in Fig. 13 and Fig. 14 that the appropriated cutoff for this
problem is p= 0.1, 0.3 and 3.0.
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Figure 18. SVD cross section reconstruction for 1 lateral view with 1% noise.

Figure 20 shows a good reconstruction in red, as compared to the exact cross section in blue that start
to becomes worst in Fig. 21 for 0.5% noise level and becomes unaccetable as a adequated reconstruction for a
not so higher noise level equal to 1.0% in Fig. 22 for the cutoff at .1. We then follows increasing the cutoff
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value to accomplish with higher levels of noise. Figures 23 and 24 show that the cutoff at .3 gives goods
reconstructions for higher noise levels as 1.0% and 2.0%, but for the higher noise level of 5.0%. Figures 25 and
26, we can not obtain results of the same quality for both cutoff points 0.3 and 3.0.

Note that is a common sense in the singular value decomposition regularization method that by
truncation we means the removal of the higher frequencies components of the representation of the solution by
neglecting the small singular values and doing the pseudo inversion without them. We must understanding the
meaning of small singular values are relatives between then, that is, in this model problem the higher singular
value is 328.627, so values of the order 0.1, 0.3 and 3.0 are relatively small and can be neglected. Obviously, in
case that we are working with matrices with norm equal 1, that is , dividing then by its greater singular value,
these cutoff points will be numbers smaller than 1:0 as expected.
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Figure 19. SVD cross section reconstruction for 1 lateral view with 5% noise.
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Figure 20. SVD cross section reconstruction for data without noise
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Figure 21. SVD cross section reconstruction for data with 0.5% noise
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Figure 22. SVD cross section reconstruction for data with 1.0% noise
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Figure 23. SVD cross section reconstruction with cutoff at .3 for data with 1.0% noise
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Figure 24. SVD cross section reconstruction with cutoff at .3 for data with 2.0% noise
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stratified gas-water-oil flow reconstruction with SWVD
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Figure 25. SVD cross section reconstruction with cutoff at .3 for data with 2.0% noise
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Figure 26. SVD cross section reconstruction with cutoff at .3 for data with 5.0% noise

4.3 The Tikhonov regularization method
We again consider the top and laterals views in the 2 X 429 rays problem in order to investigate the
application of the Tikhonov regularization method, which is based on the following optimization problem:
Problem 4.2 (Tikhonov regularization problem) Fixed the photon energy E, for a set of rays associated
with (&, ), to find the extinction coefficient x which is solution of the following minimization problem
Min{||Ax — b||* + €||x||*} (31)

The parameter € is the Tikhonov regularization parameter (noise to signal ratio) and is choose in a such way
that the error due to modification of the original problem doesn't compromises the stabilities benefits introduced
by the improvement of the numerical condition number of the algebraic matrices problem.For small size
systems such that given by the X ray transform Eq. (26), the solution can also be written formally with Eq. (29

and 30), but the diagonalized Tikhonov regularized pseudo inverse Dg is an diagonal n X m matrix with entries
u

€ u2+e’
4.4 The L curve method to the noise to signal parameter & best determination
The L curve method for determination of the best regularization parameter e for the Tikhonov solution xj's

when noised data h® are not known exactly but with within the noise level ||b — b%|| < & is based on the
monotonicity of the curvature of the the following curve

€> 0 (f(e), g(e)) = (lAx] 5 — b° 12, [1x] 511%) (32)

relating the norm of residual in the data space and the norm of the pseudo inverse in the signal space. Following
[9], in the case of small size systems we can use SVD to express these quantities in terms of the singular values:

WwWw.irjes.com 93 | Page



X ray cone-beam transform for algebraic reconstruction of a stratified flow inside a duct

t 5 z N e? T 1682
||Ax€'5—b || = Li=1 (Hi2+€)z|vib | (33)
1P = B0, —A T b (34)
€8 El ey

The complete range of regularizations parameter 1 >€> 6,2506 e — 11 practically do not influence the
reconstructions for the no noise data case. The stably reconstruction at the € parameter lower bound 6,25066 e-
11 is slight better than the other reconstruction. For a lower € =3,7276 e-11 the reconstruction became instable
and the its unacceptably result is shows in Fig. 31. The Tikhonov regularization in presence of noise of 0.005%
L curve in the range 1,7783 >€> 0,56234 is shown in Fig. 32. A related flow interface and cross section
reconstruction are presented in Fig. 33. These results shows the inadequacy of the Tikhonov regularization
method in presence of noise. The justification is that the weight matrix rank is not ill-determined with singular
values decaing smoothly toward zero. As the SVD decomposition has shown, this problem becames rank
deficient when the nunber of rays are not sufficient to well posed the problem.

V. CONCLUSIONS
The interface and cross sections values associated with the three phase stratified flow (oil-water-gas)
can be reconstructed with only one lateral view if a sufficiently number of X rays is provide. The experiments
presents had shown that the hypotheses of constant by parts cross section adopted in the model is enough to
resolved the compactness issue that frequently generates ill-posed rank discrete problems. So, the problem
becomes rank deficient only when insufficient data are provides. If this is not the case, the reconstruction for
noised data can be conducted with conventional linear algebra solvers.
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Figure 27. L curve Tikhonov regularization for data without noise
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Figura 28. Cross section reconstruction by Tikhonov method for € = 1
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Figura 29. Cross section reconstruction by Tikhonov method for & = .1

stratified gas-water-oil flow reconstruction
0215

0.21F
‘\:%: == B.2506e-011

0.205

o
ha
T

o

[{x]

m
T

cross section
|
]

018+

0.18s

D']B 1 1 1 1 1 1 1 1 1 1
-25 =20 =15 -10 -5 0 ] 10 14 20 25

layer index

Figura 30. Cross section reconstruction by Tikhonov method under at L curve knee
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Figure 31. Cross section reconstruction by Tikhonov method under at L curve knee
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Figure 32. | curve for Tikhonov regularization for data with 0.5% noise
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Figure 33. Cross section reconstruction by Tikhonov method with 0.5% noise with € = 1.7783
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Figure 34. Cross section reconstruction by Tikhonov method with 0.5% noise with € = 1.0118
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